Abstract. The main theme of the present article is A 1 * -fibrations defined on affine threefolds. The difference between A 1 * -fibration and the quotient morphism by a G m -action is more essential than in the case of an A 1 -fibration and the quotient morphism by a G aaction. We consider necessary (and partly sufficient) conditions under which a given A 1 * -fibration becomes the quotient morphism by a G m -action. Then we consider flat A 1 * -fibrations which are expected to be surjective, but this turns out to be not the case by an example of Winkelmann [47]. This example gives also a quasifinite endomorphism of A 2 which is not surjective [14] . We consider then the structure of a smooth affine threefold which has a flat A 1 -fibration or a flat A 1 * -fibration. More precisely, we consider affine threefolds with the additional condition that they are contractible.
Introduction
In affine algebraic geometry, our knowledge on affine algebraic surfaces is fairly rich with various methods of studying them. Meanwhile, knowledge of affine threefolds is very limited. It is partly because strong geometric approaches are not available or still under development.
A possible geometric approach is to limit ourselves to the case where the affine threefolds in consideration have fibrations by surfaces or curves, say the affine plane A 2 or the affine line A 1 or have group actions which give the quotient morphisms. To be more concrete, A 2 -fibrations were observed to give characterizations of the affine 3-space A 3 (see [35, 37, 20] ). Meanwhile, the quotient morphism q : Y → Y //G a for an affine threefold has been considered by many people including P. Bonnet, Sh. Kaliman, D. Finston, J.K. Deveney et al. See [9] for the references.
In [9] , some of the present authors considered A 1 -fibrations and quotient morphisms for an action of G a . There, a main point is that an A 1 -fibration is factored by a quotient morphism by G a and the study is essentially reduced to the quotient morphism by G a . In this article, we consider A 1 * -fibrations and quotient morphisms by G m . Contrary to the case of A 1 -fibrations, A 1
Preliminaries
We summarize various results which we make use of in the subsequent arguments. The ground field is always the complex number field C. A homology n-fold is a smooth affine algebraic variety X of dimension n such that H i (X; Z) = 0 for every i > 0. If H i (X; Q) = 0 for every i > 0 instead, we call X a Q-homology n-fold. Lemma 1.1. Let X = Spec A be a homology n-fold. Let (V, D) be a pair of a smooth projective variety V and a reduced effective divisor D on V such that X is a Zariski open set of V with D = V − X and D is a divisor with simple normal crossings. Then the following assertions hold.
(1) X is factorial and A * = C * .
Proof. Similar considerations can be found in [6] . To simplify the arguments, we treat the case n = 3. Consider the exact sequence of Z-cohomology groups for the pair (V, D),
By Lefschetz duality, we have H i (V, D) ∼ = H 6−i (X) for 0 ≤ i ≤ 6. Since X is a homology manifold, H i (X) = 0 for 1 ≤ i ≤ 3 and since X is affine, H i (X) = 0 for 4 ≤ i ≤ 6 (see [32, Theorem 7.1] ). Hence we obtain the isomorphism H i (V ) ∼ = H i (D) for 0 ≤ i < 6. Since 
The same argument with the Z-coefficients replaced by Q-coefficients in the proof of Lemma 1.1 shows that for a Q-homology n-fold X it holds that
(1) X is Q-factorial, i.e., Pic (X) is a finite abelian group, and
The following result is an important consequence of a result of Hamm [13] that an affine variety of dimension n defined over C has the homotopy type of a CW complex of real dimension n. Lemma 1.2. Let X be an affine variety of dimension n. Then H n (X; Z) is a free abelian group of finite rank. Furthermore, H i (X; Z) = 0 for i > n.
Proof. The vanishing of H
i (X; Z) follows from the first assertion and the vanishing of H i (X; Z) for i > n. By the universal coefficient theorem, we have H i (X : Z) = Hom(H i (X; Z), Z) ⊕ Ext 1 (H i−1 (X; Z), Z) .
If i = n + 1, H n+1 (X; Z) = 0 because H n (X; Z) is torsion free. For i > n + 1, the result is clear because H i (X; Z) = H i−1 (X; Z) = 0. ✷ The following result (see [41, Lemma 1.5] for the proof) is frequently used below. Lemma 1.3. Let f : Y → X be a dominant morphism of algebraic varieties such that the general fibers are irreducible. Then the natural homomorphism π 1 (Y ) → π 1 (X) is surjective.
As an extension of the above argument, one can give a different proof of the following result in [33, Theorem 1] . In the original proof, one has to use, in a crucial step of the proof, a rather difficult result that a smooth, quasi-affine surface X of log Kodaira dimension −∞ is either affine-ruled or contains A 2 /Γ as an open set so that X − A 2 /Γ is a disjoint union of affine lines, where Γ is a small finite subgroup of GL(2, C) (cf. the proof of [33] ). Theorem 1.4. Let the additive group scheme G a act nontrivially on the affine 3-space A 3 . Then A 3 //G a ∼ = A 2 .
For the proof, we need two lemmas.
Lemma 1.5. Let Y be a smooth contractible affine threefold with a nontrivial G a -action and let X = Y //G a . Let V be a normal projective surface containing X as an open set such that V is smooth along D := V −X and D is a divisor of simple normal crossings. Let ρ : V ′ → V be a minimal resolution of singularities of X. Let p g (V ′ ) be the geometric genus of the surface V ′ which is a birational invariant independent of the choice of V ′ . Then the following assertions hold.
(1) Both X and X • are simply connected, where X • is the smooth part of X. Proof.
(1) Write Y = SpecB and X = SpecA. Then B is factorial by Lemma 1.1 and hence A is factorial, too. So, the singular locus of X is a finite set of quotient singular points [9, Lemma 3.4] . Hence the quotient morphism q : Y → X has no fiber components of dimension two and Y − q −1 (X • ) has dimension ≤ 1. Hence π 1 (q −1 (X • )) = π 1 (Y ) = (1). By Lemma 1.3, both X and X
• are simply connected. (2) Let X ′ be the inverse image ρ −1 (X) and let E be the exceptional locus of ρ which is a divisor with simple normal crossings. Let F = D + E. Then we have an exact sequence of cohomology groups
where H 3 (F ; Z) = 0 and H 3 (V ′ , F ; Z) ∼ = H 1 (X • ; Z) by the Lefschetz duality and H 1 (X • ; Z) = 0 because π 1 (X • ) = 1. Hence H 1 (V ′ ; Z) ∼ = H 3 (V ′ ; Z) = 0. As in the proof of Lemma 1.1, this implies that H 1 (V ′ ; C) = 0 and H 1 (V ′ , O V ′ ) = 0. Hence we have an exact sequence
. Namely the group H 2 (V ′ ; Z) of topological 2-cocycles is generated by algebraic classes of divisors. Since X is factorial, Pic (V ′ ) is generated by the classes of irreducible components of F . Since H 2 (F ; Z) is a free abelian group generated by the classes of irreducible components of F , the natural homomorphism
Consider the long exact sequence associated to the pair (V ′ , F )
where
. Since the divisors D and E are disjoint from each other,
, where H 1 (D; Z) = 0 by the hypothesis and H 1 (E; Z) = 0 because X has at worst quotient singular points. So, H 1 (F ; Z) = 0. By the Lefschetz duality,
Now let {P 1 , . . . , P r } be the set of singular points of X. Choose a closed neighborhood T i of P i for every i so that
Let ∂T i be the boundary of T i and let ∂T = ∂T 1 ∪ · · · ∪ ∂T r . By [40, Proof of Lemma 2.2], we have an exact sequence
where H 1 (X • ; Z) = 0 as π 1 (X • ) = 1 and H 1 (∂T ; Z) is a finite abelian group because π 1 (∂T i ) is a finite group as the local fundamental group π 1,P i (X) of the quotient singular point P i . Since H 2 (X • ; Z) = 0 as shown above, H 2 (X; Z) is a finite abelian group. Since H 2 (X; Z) is torsion free by Lemma 1.2, it follows that H 2 (X; Z) = 0.
(3) Since π 1 (X) = π 1 (X • ) = 1 and X is contractible, X is smooth by the so-called affine Mumford theorem [8, Theorem 3.6] which we state below. ✷ Lemma 1.6. Let X be a normal affine surface such that X is contractible and the smooth part X • of X is simply connected. Then X is smooth.
Now the different proof of Theorem 1.4 is given as follows. With the notations in Lemma 1.5, let Y = A 3 . Choose a general linear hyperplane L in such a way that the quotient morphism q restricted on L is a dominant morphism to X := A 3 //G a and L meets the inverse image q −1 (SingX) in finitely many points. Then it follows that X is rational and κ(X • ) = −∞. This implies that p g (V ′ ) = 0 and H 1 (D; Z) = 0 with the notations in Lemma 1.5. Hence X is smooth. It is clear that A is factorial, A * = C * and κ(X) = −∞. By a characterization of the affine plane, X is isomorphic to A 2 .
Remark 1.7. To be accurate, we have to use the result in [33, p. 49] mentioned before Theorem 1.4 in the course of the proof of Lemma 1.6. Hence it is very desirable to give a new proof of Lemma 1.6 which is more topological and not depending on the result used in [33] .
In [18, Theorem 2.7] , Kaliman and Saveliev state a result stronger than Lemma 1.5. They state that for every nontrivial G a -action on a smooth contractible affine algebraic threefold Y , the quotient X = Y //G a is a smooth contractible affine surface.
A
1 * -fibration Let p : Y → X be a dominant morphism of algebraic varieties. We call p an A 1 -(resp. A 1 * -) fibration if general fibers of p are isomorphic to A 1 (resp. A 1 * ). Here A 1 * is the affine line with one point deleted. A singular fiber of p is a fiber which is not scheme-theoretically isomorphic to A 1 (resp. A 1 * ). We say that an A 1 * -fibration is untwisted (resp twisted) if the generic fiber Y K := Y × X Spec K has two K-rational places at infinity (resp. if Y K has one non K-rational place at infinity), where K is the function field of X over C. In the untwisted case,
In fact, if Y = Spec B and X = Spec A then B is factorial and hence the quotient ring B ⊗ A K is factorial. Since Y K = Spec B ⊗ A K, Y K is factorial. In the present article, an A 1 * -fibration is always assumed to be untwisted.
If the additive group scheme G a (resp. the multiplicative group scheme G m ) acts on an affine threefold Y then the algebraic quotient Y //G a (resp. Y //G m ) exists. Namely, if Y = Spec B and X is the quotient of Y by G a (resp. G m ), then the invariant subring A = B Ga (resp. A = B Gm ) is the coordinate ring of X and the quotient morphism q : Y → X is given by the inclusion A ֒→ B. Note that A is finitely generated over C by a lemma of Zariski in the case of G a [49] and by the well-known result on reductive group actions in the case of G m . In the case of G m -actions, we assume unless otherwise mentioned that dim A = dim B − 1. Hence q has relative dimension one. In the case of a G a -action, the quotient morphism q : Y → X is an A 1 -fibration which is not necessarily surjective, but in the case of a G m -action, q is surjective and either an A 1 -fibration or an A morphism q : Y → X is an A 1 * -fibration, it is untwisted by a theorem of Rosenlicht [43] . We recall the following fundamental result on the quotients under reductive algebraic groups [2] . When we consider the quotient morphism by G a (or G m ), we denote it by q in most cases, but an A 1 -fibration (or A 1 * -fibration) by p. Lemma 2.1. Let G be a connected reductive algebraic group acting on a smooth affine algebraic variety Y and let q : Y → X be the quotient morphism. Then, for two points P 1 , P 2 , we have q(P 1 ) = q(P 2 ) if and only if GP 1 ∩ GP 2 = ∅. Hence for any point Q of X, the fiber q −1 (Q) contains a unique closed orbit.
In order to distinguish the case of surfaces from the case of threefolds, we use the notation like p : X → C in the case of surfaces and retain the notation p : Y → X for the case of threefolds or varieties in general.
Lemma 2.2. Let X be a normal affine surface and let p : X → C be an A 1 * -fibration. Then the following assertions hold.
(1) A singular fiber F of p is written in the form F = Γ + ∆, where Γ = mA 1 * , ∅ or mA 1 + nA 1 with two A 1 's meeting in one point which may be a cyclic quotient singular point of X, Γ ∩ ∆ = ∅ and ∆ is a disjoint union of affine lines with multiplicities, each of which may have a unique cyclic singular quotient point of X. Each type of a singular fiber is realizable. (2) If p is the quotient morphism of a G m -action on X and p is an A 1 * -fibration, the part ∆ is absent in a singular fiber F . Hence F is either mA (2) By the assertion (1) and Lemma 2.1, the only possible cases of a singular fiber of the quotient morphism p are the two cases listed in the statement and the case where F red is irreducible and isomorphic to A 1 which may contain a unique cyclic quotient singularity. We show that the last case does not occur. Suppose that F red ∼ = A 1 . Then F contains a unique fixed point P . Suppose first that X is smooth at P . Look at the induced tangential representation of G m on T X,P which is diagonalizable and has weights −a, b with a, b > 0. Then it follows that F is locally near P a union of two irreducible components meeting in P . This is a contradiction. Suppose that X is singular at P . Let σ : X → X be a minimal resolution of singularity at P . Then the inverse image σ −1 (F red ) is the proper transform G of F red and a linear chain of P 1 's with G meeting one of the terminal components of the linear chain. Since the G m -ation on X lifts to X, each irreducible component of σ −1 (F red ) is G m -stable and the other terminal component, say F , of the linear chain has an isolated fixed point, say P . Note that we obtain an affine surface from X by removing all components of σ −1 (F red ) except for the component F . Now looking at the induced tangential representation of G m on T X, P , we have a contradiction as in the above smooth case. So, the case F red ∼ = A 1 does not occur. ✷ Special attention has to be paid in the case where the G m -quotient morphism q : Y → X is an A 1 -fibration. We consider the surface case first and then treat the case of threefolds.
Lemma 2.3. Let X be a normal affine surface with a G m -action. Suppose that the quotient morphism ρ : X → C is an A 1 -fibration, where C is a normal affine curve. Then the following assertions hold.
(1) There exists a closed curve Γ on X such that the restriction of q onto Γ induces an isomorphism between Γ and C, i.e., Γ is a cross-section of ρ. (2) Suppose further that X is smooth. Then every fiber of q is reduced and isomorphic to A 1 . Hence X is a line bundle over C . (3) Suppose that X is smooth and C is rational. Then X is isomorphic to a direct product C × A 1 .
Proof.
(1) Let ρ : X → C be a G m -equivariant completion of ρ : X → C. Namely, X is a normal projective surface containing X as an open set, C is the smooth completion of C. We may assume that X is smooth along X \ X, ρ extends to a morphism ρ and the G m -action extends to X so that ρ is a P 1 -fibration. Since ρ is an
1 in a natural fashion. Let Γ 0 be the fixed point locus in ρ −1 (U) and let Γ (resp. Γ) be the closure of Γ 0 in X (resp. X). Then the restriction of ρ onto Γ is a birational morphism onto C, hence an isomorphism. Thus Γ is a cross-section of ρ. On the other hand, ρ has another cross-section Γ ∞ lying outside X. Since ρ is an A 1 -fibration, every fiber of ρ is a disjoint union of the affine lines, hence it consists of a single affine line by Lemma 2.1. Suppose that for a point α ∈ C, the fiber F α does not meet Γ. Then Γ meets the fiber
outside F α , and F α has an isolated G m -fixed point P . This leads to a contradiction if we argue as in the proof of Lemma 2.2. Namely, if X is smooth at P , then consider the induced tangential representation at P . Otherwise, consider a minimal resolution of singularity at P and a G m -fixed point appearing in one of the terminal components of the exceptional locus which does not meet the proper transform of F α . Thus Γ meets every fiber of ρ and is smooth.
(2) With the above notations, suppose that X has a singular point on the fiber F α . Since G m acts transitively on F α − F α ∩ Γ, X has cyclic singularity at the point P α := F α ∩ Γ. Let σ : X → X be the minimal resolution of singularities and let ∆ = σ −1 (P α ). The P 1 -fibration ρ : X → C lifts to a P 1 -fibration ρ : X → C. The proper transform Γ of Γ is a cross-section of ρ. The fiber F α of ρ corresponding to F α contains the linear chain ∆ in such a way that one terminal component, say G, meets Γ and the other terminal component meets the proper transform of F α . Further, all the components except for the terminal component G meeting Γ can be contracted smoothly. In fact, we can replace the fiber F α by G − {Q} without losing the affineness of X, where Q is the point where G meets the adjacent component of F α . If X is smooth along F α , it is reduced. If X is smooth, the A 1 -fibration ρ has no singular fibers. Hence X is an A 1 -bundle over C [9, Lemma 1.15]. Since the two cross-sections Γ and Γ ∞ are disjoint from each other over C, it follows that X is a line bundle over C.
(3) Since Pic (C) = 0, every line bundle is trivial. ✷
The proof of the assertion (2) implies that every normal affine surface with a G m -action and an A 1 -fibration as the quotient morphism is constructed from a line bundle over C by a succession of blowing-ups with centers on the zero section and contractions of linear chains. The following result is well-known. Lemma 2.4. Let Y = Spec B be a smooth affine threefold with a G m -action and let q : Y → X := Spec A be the quotient morphism. Assume that q is an A 1 -fibration and that q is equi-dimensional. Then the following assertions hold.
(1) We may assume that B is positively graded, that is, B is a graded A-algebra indexed by Z ≥0 . (2) A is normal and factorially closed in B. (3) q : Y → X has a cross-section S. Namely, each fiber of q has dimension one and meets S in one point transversally. (4) X is smooth, and Y is a line bundle over X.
(5) If Y is factorial, then the equi-dimensionality condition is automatically satisfied and Y is isomorphic to a direct product X × A 1 with G m acting on the factor A 1 in a natural fashion.
(1) By [9, Lemma 1.2], there exists a nonzero element a ∈ A such that B[a
, where u is an element of B algebraically independent over the quotient field Q(A). In fact, u is a variable on a general fiber of q. We may assume that the G m -action on the fiber is given by t u = tu. Note that the G m -action gives a Z-graded ring structure on B. Let b be a homogeneous element of B. We can write
Hence a r b = a 0 u m and b has degree m. This implies that every homogeneous element of B has degree ≥ 0.
(2) The normality of A is well-known [27, p.100], and the factorial closedness follows from the assertion (1).
(3) Let S 0 be the closed set in the open set q −1 (D(a)) defined by u = 0. Hence S 0 is the locus of the fixed points in the fibers q −1 (Q) when Q ∈ D(a). Let S be the closure of S 0 in Y . Then S is a rational cross-section of q. We shall show that S meets every fiber of q in one point. Let P be a point of X, let C be a general irreducible curve on X passing through P and let Z = Y × X C. Then q C : Z → C, the projection onto C, is an A 1 -fibration. Let ν Z : Z → Z and ν C : C → C be the normalizations of Z and C respectively. Then there exists an
The normal affine surface Z has the induced G m -action and ρ is the quotient morphism. Choosing the open set D(a) small enough, we may assume that C∩D(a) is a non-empty set contained in the smooth part of C. Let Γ 0 = S 0 ∩ Z and let Γ be the closure of Γ 0 in Z. Let P be a point of C lying over P . Let F = ρ −1 ( P ) and F = q −1 (P ). By Lemma 2.3, Γ meets F in a single point. This implies that S meets F in a point, say R. By [9, Theorem 1.15 and Lemma 3.5] and Lemma 2.1, F consists of one irreducible component which is contractible and smooth outside the point R because it admits a non-trivial G m -action with a fixed point R.
Since Y is smooth, the local intersection multiplicity i(S, F ; R) = 1. This implies that F is reduced and smooth also at R. Hence F is isomorphic to A 1 . (4) The morphism q : Y → X induces a quasi-finite birational morphism q| S : S → X. Then it is an isomorphism by Zariski's main theorem. Since S is smooth by the argument in the proof of the assertion (3), X is also smooth. Furthermore, every fiber of q is an affine line. Hence Y is an A 1 -bundle over X. Since a smooth completion q : Y → X is a P 1 -fibration with two cross-sections (the zero section and the infinity section) which are disjoint over X, Y is a line bundle over X.
(5) By [9, Lemma 1.10], q does not have codimension one fiber components. Since X is factorial, Y is isomorphic to X × A 1 . This fact follows from the proof of the assertion (1). In fact, one can take the element u to be a prime element of B. Then, the relation a Gm is a non-empty connected closed subset of X. Furthermore, H i (Y Gm ; Z/pZ) = 0 for every i > 0 and for infinitely many prime numbers p.
Proof. Since H i (Y ; Z) is a finite group, there exist infinitely many primes p such that Y is Z/pZ-acyclic, i.e., H i (Y ; Z/pZ) = 0 for every i > 0. We choose such a prime p with the additional property that p does not divide any weight of the induced tangential G m -action on T Y,Q for every fixed point Q. We take a point Q ∈ Y Gm . By [24, Theorem 1], there exists a G m -stable open neighborhood U of Q in the Euclidean topology and algebraic functions x, y, z around the point Q which form a system of analytic coordinates on U. The G m -action is given by t (x, y, z) = (t a x, t b y, t c z) with integers a, b, c, where
This implies that Y Z/pZ is connected and equal to Y Gm . Hence Y Gm is connected and H i (Y Gm ; Z/pZ) = 0 for every i > 0. ✷ We have the following result.
Theorem 2.6. Let G m act nontrivially on a Q-homology threefold Y and let q : Y → X be the quotient morphism. Suppose that q has relative dimension one. Then the following assertions hold.
If Y is contractible and q is equi-dimensional, then X is a smooth contractible surface of log Kodaira dimension −∞ or 1.
, the tangential representation on T Y,Q for the unique fixed point Q has mixed weights, e.g., either a 1 < 0, a 2 > 0 and a 3 > 0, or a 1 > 0, a 2 < 0 and a 3 < 0. In this case, there is an irreducible component of codimension one contained in the fiber of q passing through the point Q.
Proof. 
Since Y is Q-factorial by a remark after Lemma 1.1, q is equi-dimensional (cf. [9, Lemma 1.14]). Then Lemma 2.4 implies that X is smooth and q : Y → X is a line bundle. By Zariski's main theorem, we conclude that Y Gm ∼ = X. Furthermore, since Y is contractible to X, it follows that Y Gm is Q-acyclic (resp. Z-acyclic) if Y is a Q-homology threefold (resp. Z-homology threefold). If Y is a homology threefold, then X is factorial and a line bundle over X is trivial.
Gm is a connected curve. Further, Y Gm is smooth. In fact, the smoothness of the fixed point locus is a well-known fact for a reductive algebraic group action on a smooth affine variety (cf. [44] 
If Y is contractible, X is contractible by [28, Theorem B] . By Lemma 1.3,
, where X • is the smooth part of X. Then X is smooth by Lemma 1.6. So, X is a smooth contractible surface containing a curve isomorphic to A 1 . Hence X has log Kodaira dimension −∞ or 1 (cf. [48, 10] ).
(4) The induced G m -action on the tangent space T Y,Q of the unique fixed point Q must have mixed weights. Otherwise, dim Y Gm > 0 near the point Q. This is a contradiction. To prove the last assertion, we have only to show it when Y is idetified with the tangent linear 3-space T Y,Q . Then the G m -action is diagonalized and t (x, y, z) = (t a 1 x, t a 2 y, t a 3 z) with respect to a suitable system of coordinates (x, y, z). Then the invariant elements, viewed as elements in Γ(Y, O Y ), are divisible by x. Hence the fiber F of q passing through Q contains an irreducible component {x = 0} which is a hypersurface of
where Z is a smooth affine surface with G m acting on it? If this is the case, q is the direct product
We discuss this question in Section 4 in detail. Theorem 2.6 has the following consequence.
Corollary 2.8. Let the notations and the assumptions be the same as in Theorem 2.6. If the quotient morphism q : Y → X has equidimension one, then the fixed point locus Y Gm has positive dimension.
Now we consider an
where Y is a smooth affine threefold and X is a normal affine surface. For a point P , the scheme-theoretic fiber Y × X Spec k(P ) is denoted by p −1 (P ) or F P , where k(P ) is the residue field of P in X. A fiber F P of p is called G. The smoothness of the fixed point locus Y G near the point Q follows from this observation.
2 Let Q ∈ Y Gm . In view of [24] , there exists a system of local (analytic) coordinates {x, y, z} at Q such that G m acts as t (x, y, z) = (x, t −a y, t b z) with ab > 0 and y = z = 0 defining the curve Y Gm near Q. Then the quoteint surface X at the point P = q(Q) has a system of local analytic coordinates {x,
is defined by x a ′ y b ′ = 0 near P and X is smooth near the curve q(Y Gm ). Hence Y Gm and q(Y Gm ) are locally isomorphic at Q and P . Since q| Y Gm : Y Gm → X is injective, it is a closed embedding. Furthermore, the fiber of q through the point Q is a cross
See the definition after Corollary 2.8.
singular if F P is not isomorphic to A 1 * over k(P ). The set of points P ∈ X such that F P is singular is denoted by Sing st (p) and called the strict singular locus or the degeneracy locus of p. For a technical reason (cf. Lemma 2.13 and a remark below it), we define the singular locus Sing(p) as the union of Sing st (p) and the set Sing(X) of singular points. A singular fiber F P is called a cross (resp. tube) 3 if it has the form F P ∼ = mA 1 +nA 1 (resp. mA 1 * ). When we speak of a cross on a threefold or a surface which is smooth at the intersection point Q of two lines, we assume that two affine lines meet each other transversally at Q. By abuse of the terminology, we call a singular fiber F on a normal surface a cross even when the surface has a cyclic quotient singularity at the intersection point Q and the proper transforms of the two lines on the minimal resolution of singularity form a linear chain together with the exceptional locus.
We first recall a result of Bhatwadekar-Dutta [1, Theorem 3.11].
Lemma 2.9. Let R be a Noetherian normal domain and let A be a finitely generated flat R-algebra such that
Then there exists an invertible ideal I in R such that A is a Z-graded Ralgebra isomorphic to the R-subalgebra R[IT, I
In particular, Spec A is locally A 1 * and hence an A 1 * -fibration over Spec R. In geometric terms, a weaker version of Lemma 2.9 in the case of dimension three is stated as follows.
Lemma 2.10. Let p : Y → X be an A 1 * -fibration with a smooth affine threefold Y and let P be a closed point of X. Suppose that the following conditions are satisfied.
(1) There is an open neighborhood U of P such that U is smooth and p is equi-dimensional over U.
Proof. By replacing X by a smaller affine open neighborhood of P contained in U, we may assume that X is smooth, p is equi-dimensional 3 The naming of cross is apparent. The fiber mA 1 * is a projective line with two end points lacking and thickened with multiplicity. It looks like a tube.
and Sing(p) ∩ (X \ {P }) = ∅. Then p is flat. Further, there exists a P 1 -fibration p : Y → X such that Y is an open set of Y and p| Y = p. Since the A 1 * -fibration p is assumed to be untwisted, the generic fiber Y K has two K-rational points ξ 1 , ξ 2 , where K is the function field of X over C. Let S i be the closure of ξ i in Y for i = 1, 2. By the assumption (2) above, S 1 , S 2 are cross-sections over X \ {P }. Namely,
is an invertible sheaf on X \{P }. Since X is smooth and P is a point of codimension two, L ′ is extended to an invertible sheaf L on X. Since Y is affine and
Let F P be a fiber of an A 1 * -fibration p : Y → X with P ∈ X. Let C be a general smooth curve on X passing through P . Let Z be the normalization of Y × X C. Then p induces an A 1 * -fibration p C : Z → C and the fiber F P over the point P is a finite covering of the fiber F P (in the sense that the normalization morphism induces a finite morphism F P → F P . In view of Lemma 2.2, we say that the A
1 's when taken with reduced structure. This definiton does not depend on the choice of the curve C.
Lemma 2.11. Let p : Y → X be an unmixed A 1 * -fibration such that Y and X are smooth. Then the singular locus Sing(p) is a closed subset of X of codimension one.
Proof. Lemma 2.9 or Lemma 2.10 implies that every irreducible component of the closure Sing(p) of Sing(p) has codimension one.
So, we have only to show that Sing(p) is a closed set. It suffices to show that if the fiber F P over P ∈ X is A 1 * then there exists an open neighborhood U of P such that F P ′ ∼ = A 1 * for every P ′ ∈ U. Let C be a curve passing through P . If C is not a component of Sing(p), then the fiber of p over the generic point of C is A 1 * and hence geometrically integral. Suppose that C is a component of Sing(p). The unmixedness condition on p implies that for a general point P ′ of C, the fiber F P ′ is either irreducible and dominated by A 1 * (case (i)), or each irreducible component of F P ′ is dominated by a contractible curve (case (ii)). Suppose that the case (ii) occurs. Then there exists a normal affine surface Z with an A 1 -fibration p : Z → C satisfying the following commutative diagram
1 -fibration on a normal affine surface is a disjoint union of the affine lines, it turns out that the fiber F P , which is a fiber of p C in the above diagram, is dominated by the affine line, which is a connected component of the fiber of p. This is a contradiction, and the case (ii) cannot occur. Now removing from X all irreducible components of Sing(p) for whose general points the case (ii) occurs and replacing Y by the inverse image of the open set of X thus obtained, we may assume that the case (i) occurs for general points of the irreducible components of Sing(p). Let dp :
be the tangential homomorphism of the tangent bundles on Y and X. Let C be the cokernel of dp. Then C is a coherent O Y -Module. Hence Supp (C) is a closed set T such that T = p −1 (p(T )) and T = Sing(p). Hence the point P belongs to p(T ). However, dp is everywhere surjective on the fiber F P and F P ⊂ Supp (C). This is a contradiction.
By the above argument, every irreducible curve C through the point P has the property that the general fibers are isomorphic to A 1 * . Hence the fiber of p over the generic point of C is geometrically integral. By Lemma 2.9, we know that
. This implies that there exists an open neighborhood U of P satisfying the required property. ✷ In the proofs of Lemmas 2.9, 2.10 and 2.11, the flatness condition on the morphism p should not be overlooked. Hence the assumption that X be normal instead of being smooth does not seem to be sufficient for the conclusion. So we ask the following question.
Question 2.12. Let p : Y → X be an A 1 * -fibration with a smooth affine threefold Y . Is a point P ∈ X smooth if the fiber F P is isomorphic to A 1 * ? The following is a partial answer to this question. Lemma 2.13. Let Y be a smooth affine threefold with an effective G m -action and let q : Y → X be the quotient morphism. Suppose that the G m -action is fixed point free. Then X has at worst cyclic quotient singular points.
Proof. Suppose that P is a singular point of X. Let Q be a point of Y such that q(Q) = P and let G Q be the isotropy group at Q which is a finite cyclic group. Then, by Luna'sétale slice theorem [30] , there exists an affine subvariety V of Y with a G Q -action and anétale morphism ϕ/G Q : V /G Q → X such that Q ∈ V , V is smooth at Q and (ϕ/G Q )(Q) = P . This implies that X has at worst cyclic quotient singularity at P . Since the ground field is C, we can work with an analytic slice instead of anétale slice. ✷
We can easily show that if X is smooth at P then the fiber F P has multiplicity equal to m = |G Q | near the point Q. In fact, if V is an analytic slice with coordinates x, y, the G Q -action on V is given by ζ (x, y) = (ζx, ζ b y) with a generator ζ of G Q which is identified with an m-th primitive root of unity, where 0 ≤ b < m. Then P is singular if and only if b > 0. Hence b = 0 if P is smooth. This implies that (x m , y) is a local system of parameters of X at P . Hence the fiber F P has multiplicity m. If X is singular at P , the fiber F P is a multiple fiber. In fact, with the above notations, m X,P O Y,Q is generated by
with a fiber coordinate z of F P , it follows that m X,P O Y,Q is not a radical ideal. Hence the fiber F P is not reduced near the point Q.
The singular locus Sing(p) may consist of a single point as shown in the following example.
Example 2.14. Let A 3 → A 2 be the morphism defined by (x, y, z) → (xy, x 2 (xz + 1)), where (x, y, z) is a system of coordinates of A 3 . Then p is an A 1 * -fibration and Sing(p) = {(0, 0)}. In fact, set α = xy, β =
The following example shows that a disjoint union of affine lines may appear as a singular fiber of an A 1 * -fibration. Example 2.15. Let p : A 3 → A 2 be the morphism defined by (x, y, z) → (xy, x 2 (yz + 1)). Then p is an A 1 * -fibration such that Sing(p) ∼ = A 1 and the fibers are given as follows. Set α = xy, β = x 2 (yz + 1). Then [47] kindly communicated us of the following example of a flat A 1 * -fibration p : A 3 → A 2 which is not surjective.
Hence Sing(p) consists of disjoint n + 1 affine lines. For any α ∈ C − {1, . . . , n}, the fiber p −1 (α, 0) ∼ = A 1 . For any k ∈ {1, . . . , n} and α ∈ C, the fiber
Proof. If we restrict the morphism p : A 3 → A 2 in the above proposition to a general linear plane in A 3 , we obtain an example of an endomorphism ϕ : A 2 → A 2 which is not surjective. Such examples have been constructed by Jelonek [14] .
We further study the singular fibers of A 1 * -fibrations. where ζ is a primitive n-th root of 1, G is identified with the subgroup ζ of G m generated by ζ and d is a positive integer with gcd(d, n) = 1. Then the following assertions hold.
(1) Let B (resp. A) be the G-invariant subring of B (resp. A) and let d ′ be a positive integer such that dd 
Hence the isotropy subgroup is trivial (resp. G) if U = 0 (resp. U = 0). Lemma 2.18. Let p : Y → X be an A 1 * -fibration satisfying the following conditions.
(1) Y and X are smooth, p is equi-dimensional and Sing(p) is a smooth irreducible curve, say C. (2) There exists a positive integer n > 1 such that the fiber F P over every point P ∈ C is of the form nA
Then there exists a cyclic covering µ : X → X of order n ramifying totally over C such that the normalization Y of Y × X X is an A 1 * -bundle over X, where ν : Y → Y × X X is the normalization morphism. Further, there exists a G m -action on Y such that the projection q : Y µ −→ Y × X X → X is the quotient morphism by the G m -action. The quotient morphism q commutes with the cyclic covering group G, and hence descends down to the quotient morphism q : Y → X by the induced G m -action which coincides with the given A 1 * -fibration.
Proof. Write X = Spec A. If X is factorial, let f ∈ A define the curve C and let
Then the morphism µ : X → X is a cyclic covering of order n totally ramifying over the curve C.
Let U = {U i } i∈I be an affine open covering of p −1 (C) and let η i be an element of Γ(U i , O Y ) such that η i = 0 defines p −1 (C) red | U i for each i. We consider the case where C is defined by f = 0. The other case can be treated in a similar fashion. We can write f = u i η Lemma 2.19. Let Y be a smooth affine threefold with a G m -action and let q : Y → X be the quotient morphism with X = Y //G m . Suppose that q has equi-dimension one, q is an A 1 * -fibration and X is smooth. Then a singular fiber of q is either a tube or a cross.
Proof. Let F P be a singular fiber F of q. Let C be a smooth irreducible curve on X such that P ∈ C. Let Z = Y × X C and let ν : Z → Z be the normalization morphism. Then the projection ρ : Z → C and ρ = ρ · ν : Z → C are the quotient morphisms by the induced G m -actions on Z and Z. The fiber ρ −1 (P ) is the fiber F P and is the image of F P = ρ −1 (P ) by ν. By Lemma 2.2, the fiber F P is either a tube or a cross. If F P is a tube, then F P is also a tube because ν restricted onto F P commutes with the G m -action. Suppose that F P is a cross. Since the intersection point Q of two affine lines of F P is a fixed point and ν F P is surjective, either F P consists of two components meeting in a point Q = ν( Q) or F P is a contractible curve with Q a fixed point and F P − {Q} a G m -orbit. In the latter case, two branches of a cross are folded into a single curve. But this is impossible because the G m -action on a cross viewed near the point Q has weights −a, b respectively on two branches with ab > 0. So, F P consists of two branches meeting in one point Q. Consider the induced representation of G m on the tangent space T Y,Q at the fixed point Q. We can write it as t (x, y, z) = (x, t −a y, t b z) for a suitable system of local coordinates {x, y, z}. Then the fiber F P is given by xy = 0 locally at Q. Hence two branches of F P meet transversally at Q, and F P is a cross. ✷
We can prove a converse of this result. Proof. Since Sing(X) is a finite set, if a G m -action is constructed on p −1 (X \ Sing(X)) in such a way that the quotient morphism coincides with p restricted on p −1 (X \ Sing(X)), then the G m -action extends to Y by Hartog's theorem and the quotient morphism coincides with p. Since, as shown below, the construction of a G m -action is local over X \ Sing(X), we may restrict ourselves to an affine open set of X \ Sing(X) and assume that X is smooth from the beginning.
By Lemmas 2.9 and 2.10, the singular locus Sing(p) has no isolated points. Let Sing(p) = C 1 ∪ · · · ∪ C r be the irreducible decomposition. Let 
gives an A 1 * -fibration on a normal affine threefold Z × C ′ , where C ′ is a smooth affine curve. Hence the same singular fibers as in the surface case appear in the product threefold case. But we can say much less in general. Let p : Y → X be an A 1 * -fibration, where Y is a smooth affine threefold and X is a smooth affine surface. Let F P be the singular fiber of p lying over a point P ∈ X. Let C be a smooth curve on X through P and let Z be the normalization of Y × X C. Then the induced morphism p C : Z → C is an A 1 * -fibration. Hence the fiber F P has a finite covering F P → F P , where F P is a fiber of p C and hence has the form as described in Lemma 2.2. We do not know exactly what the singular fiber F P itself looks like.
Concerning the coexistence of tubes and crosses in the quotient morphism q : Y → X by a G m -action, we have the following result. 
where ζ is a primitive p-th root of unity and x is a coordinate with the tangential direction of the fiber. If a > 0, b > 0, then the point P = q(Q) is a singular point of X (see the argument after the proof of Lemma 2.13). Hence a = 0. This implies that the component of Y Γ containing F has dimension two. By the Smith theory, the locus Y Γ is a connected closed set. Hence there is a point
But this is impossible. In fact, let C be a smooth curve on X passing through the point P ′ and set Z = Y × X C. Then Z has an induced G m -action. Let Z be the normalization of Z × C C, where C → C is a finite covering of order p totally ramifying over the point P ′ . Then there is an induced G m -action on Z such that the induced morphism q : Z → C is the quotient morphism. The fiber q −1 ( P ′ ) with P ′ a point of C lying over P ′ consists of p-copies of the cross A 1 + A 1 when taken with reduced structure. But this is impossible. ✷ Finally in this section, we discuss Question 2.12. In fact, we prove a more general result. Lemma 2.22. Let p : Y → X be a dominant morphism from an algebraic variety of dimension n + r to an algebraic variety X of dimension n. Let P be a point of X and let Q be a point of Y such that p(Q) = P . Suppose that Y is smooth at Q and the fiber F := p −1 (P ) is reduced, r-dimensional and smooth at Q. Then P is smooth at X.
Proof. Let (R, m) (resp. (S, M)) be the local ring of X (resp. Y ) at P (resp. Q). Since the fiber F is defined by mS at Q and since S/mS is a regular local ring as Q is a smooth point of F , it follows that M = mS + (z n+1 , . . . , z n+r )S for elements z n+1 , . . . , z n+r ∈ M. Since (S, M) is a regular local ring of dimension n + r, we find n elements z ′ 1 , . . . , z ′ n of m with images z 1 , . . . , z n in S such that {z 1 , . . . , z n , z n+1 , . . . , z n+r } is a regular system of parameters of (S, M). Since the completion ( S, M) is isomorphic to C[[z 1 , . . . , z n , z n+1 , . . . , z n+r ]], we can express any h ∈ S as a formal power series in z n+1 , . . . , z n+r with coefficients
. . , i n+r ). We shall show that the completion ( R, m) is isomorphic to the formal power series ring C[[z 1 , . . . , z n ]]. We consider the local complete intersection
in Y near the point Q as a section transversal to the fiber F at the point Q. We may assume that the restriction p| H : H → X is quasifinite. Hence the injective local ring homomorphism R → S → S/zS induces an injective local homomorphism . This implies that X is smooth at P . ✷
Homology threefolds with A 1 -fibrations
In [9] , it is shown that an A 1 -fibration p : Y → X from a smooth affine threefold to a normal surface has a factorization
where q : Y → X is the quotient morphism by a G a -action and σ : X → X is the birational morphism such that
Thus we may look into the quotient morphism q : Y → X by a G aaction. We set Sing(q) = {P ∈ X | F P ∼ = A 1 }, where F P is the fiber over P ∈ X, and call it the singular locus of q.
Lemma 3.1. Let q : Y → X be the quotient morphism of a smooth affine threefold Y with respect to a G a -action. Suppose that q is equidimensional. Then the following assertions hold.
(1) If a fiber F P has an irreducible component which is reduced in F P , then the point P is smooth in X. (2) Sing(q) is a closed set.
(1) The assertion follows from Lemma 2.22.
(2) Since q has equi-dimension one, the fixed point locus Y Ga consists of fiber components [9, Corollary 3.2] . Then every fiber of q is a disjoint union of contractible curves [9, Lemma 3.5]. Further, a contractible irreducible component is isomorphic to A 1 if it contains a non-fixed point, or is contained in Y Ga . It suffices to show that given a fiber F P isomorphic to A 1 there exists an open neighborhood U of P in X with F P ′ ∼ = A 1 for all P ′ ∈ U. The subsequent proof is similar to the one for G m -actions (cf. Lemma 2.11). Let C be an irreducible curve on X through P and let Z be the normalization of Y × X C. Suppose that the fiber of q over a general point of C consists of m copies of A 1 , where m > 1. Then Z has an induced G a -action such that
where q is the quotient morphism and C is the normalization of C in Z. The morphism ν : C → C is a finite covering of degree m (the Stein factorization), which is ramified over the point P . It then follows that the fiber F P is non-reduced, and this is a contradiction. Consider the closure Sing(q) and remove from X all the irreducible components of Sing(q) over which a general fiber of q consists of more than one irreducible component. Thus we may assume that all singular fibers of q are of the form mA 1 with m > 1. Note that P is a smooth point by the assertion (1). Replacing X by an affine open neighborhood U of P and accordingly Y by the inverse image q −1 (U), we may assume that X is smooth. Consider the tangential homomorphism of the tangent bundles dq : T Y → q * T X and let C be the cokernel of dq. Then C is a coherent O Y -module. The support T = Supp (C) is a closed set such that T = q −1 (q(T )). If P ∈ Sing(q), then F P ⊂ T , but F P ∩ T = ∅. This is a contradiction. Then, by Dutta [3, Theorem] , there exists an open neighborhood U of P such that q −1 (U) is an A 1 -bundle over U. Hence Sing(q) is a closed set.
✷ Concerning a G a -action, we ask the following Question 3.2. Let Y be an affine variety with a G a -action. Suppose that the algebraic quotient X = Y //G a exists as an affine variety, i.e., the G a -invariant subring of Γ(Y, O Y ) is an affine domain. Let Q be a point of Y with trivial isotropy group, i.e., a point which is not G afixed. Is then the fiber F P of the quotient morphism q : Y → X passing through the point Q reduced, where P = q(Q) ?
The answer is negative and an example is given by an affine pseudoplane [9, Corollary 3.16] . See also [39, Lemma 2.4].
Example 3.3. Let C be the smooth conic in
. Hence L is defined by X 0 = 0. Let Λ be the linear pencil generated by C and 2L. Then the G a -action on P 2 defined by
has a unique fixed point Q and preserves the members of the pencil Λ. Let X be the complement of C in P 2 . Then Λ defines an A 1 -fibration q : X → A 1 which turns out to be the quotient morphism of the induced G a -action on X. Although the G a -action has no fixed points, q has a multiple fiber 2ℓ which comes from the member 2L of Λ. The affine surface X is an affine pseudo-plane and its universal covering is a Danielewski surface. This is the case for every affine pseudo-plane q : X → Z of type (m, r) with an integer r ≥ 1 such that r ≡ 1 (mod m). For the definition of an affine pseudo-plane of type (m, r), see [31] where the type is denoted by (d, r) instead of (m, r). In particular, q : X → Z is an A 1 -fibration with a unique singular fiber F 0 of multiplicity m > 1, i.e., F 0 = mA 1 and Z ∼ = A 1 . X is denoted by X(m, r).
Lemma 3.4. Let q : X → Z be an affine pseudo-plane of type (m, r) with r ≡ 1 (mod m). Then q is given by a fixed-point free G a -action.
Proof. Let X(m, r) be the universal covering of X(m, r). Let H(m) = Z/mZ be the covering group which is identified with the m-th roots of unity. By [31, Lemma 2.6], X(m, r) is isomorphic to a hypersurface in
The Galois group H(m) acts as λ (x, y, z) = (λx, λy, λ −r z), λ ∈ H(m).
The projection (x, y, z) → x defines an A 1 -fibration q : X(m, r) → Z, where Z ∼ = A 1 . Further, there is a G a -action on X(m, r) defined by
Then it follows that (1) the fiber F 0 of q over the point x = 0 is a disjoint union of m-copies of the affine line, (2) the G a -action preserves the fibration q, (3) the G a -action preserves and acts non-trivially on each connected component of F 0 , (4) if r ≡ 1 (mod m) then the H(m)-action commutes with the G a -action. Hence the G a -action descends to a G a -action on X(m, r) which has no fixed points. ✷
We consider, however, a result implied by the assumptions in Question 3.2. We need some auxiliarly results. Let B = Γ(Y, O Y ) and let A = Γ(X, O X ). Let δ be a locally nilpotent derivation on B which corresponds to the given G a -action. Further, let m be the maximal ideal of A corresponding to the point P . First we recall the following result in [39, Theorem 3.3] .
Lemma 3.5. Let B be an affine domain over C and let δ be a locally nilpotent derivation on B. Let A = Ker δ. Suppose that B/mB is an integral domain over C of dimension one and that the associated G aaction on SpecB/mB has no fixed points. Then the following assertions hold.
(1) For any integer n > 0, there exists an element z n ∈ B such that B/m n B = R n [z n ], where R n is an Artin local ring and we denote the residue class of z n in B/m n B by the same letter. (2) For m > n, we have a natural exact sequence
where θ nm is a local homomorphism. Let R = lim ← −n R n . Then R is a complete local ring. Proposition 3.6. With the above notations and assumptions, the following assertions hold.
( 
This implies that a Cauchy sequence {b n } n≥0 in B ⊗ A O is approximated by a Cauchy sequence {f n ( z)} n≥0 in B. Lemma 3.7. Let Y be a smooth contractible affine threefold with a fixed-point free G a -action. Then Y is isomorphic to X × A 1 with G a acting on the second factor, where X = Y //G a . 
is an affine modification with σ(E ′ ) = C (see [19] ). Write X = Spec A. (2) Meanwhile, in passing from V to Y , the fiber over a point Q ∈ X \ C loses the point (Q, 0) in D and becomes isomorphic to A 1 * . The fiber
Gm and Sing(q) = C. (3) Suppose that κ(X) = 1. In fact, there is a unique affine line lying on X. Since the general fibers of q are isomorphic to A 1 * , we have an inequality κ(Y ) ≥ κ(X) + κ(F ) by Kawamata [23] , where F is a general fiber of q. Hence κ(Y ) ≥ 1. Furthermore, X itself has an A 1 * -fibration π : X → B such that C is a fiber of π and π 
. We can repeat this process to produce homology threefolds or contractible threefolds which have crosses with higher multiplicities. If a cross is written as mA 1 + nA 1 , then gcd(m, n) = 1 (see the argument in the last part of the proof of Lemma 2.21).
Another remark to Lemma 4.1 is the following.
Remark 4.3. Take a Q-homology plane X instead of a homology plane in the construction of Y in Lemma 4.1. Then we can consider such Q-homology planes with log Kodaira dimension −∞, 0 and 1. We take an embedded line C in X and blow up the center C × (0) in V = X × A 1 . By the same construction, we obtain a smooth affine threefold Y with an equi-dimensional G m -action. The threefold Y has the same homology groups as X. Hence Y is a Q-homology threefold, which is not of the product type Z × A 1 with a Q-homology plane Z provided κ(X) = −∞. For the embedded lines in the case of log Kodaira dimension 0, see [12, Theorem] for a complete classification.
In Lemma 4.1, the center of blowing-up is C ×(0), where C is an embedded line in a homology plane, and the resulting homology threefold has log Kodaira dimension at most one. We can apply a process similar to the one used in Lemma 4.1 with a point as the center to obtain the first assertion of the following lemma. This is first constructed in [26, Example 3.7] . The statement and the proof depend on [19, §3] .
The fixed point Q 0 is (0, 0, 0, 0), and the two-dimensional fiber component Z 0 is defined by y = 0. Let B be the coordinate ring of Y and let I = (x, y, z, t) which is the maximal ideal of Q 0 . The affine modification B ′ = Σ I,y (B), which is the coordinate ring of Y ′ , is given as
Hence Y ′ is a hypersurface x ′ +x ′ 2 y 2 +z ′ 2 y+t ′ 3 y 2 = 0 and the hyperbolic G m -action is given by
We can further repeat the affine modifications of the same kind to Y ′ , Y ′′ etc. The above Koras-Russell threefold and its affine modifications are examples of smooth contractible threefolds Y with a hyperbolic G maction such that the quotient X is isomorphic to that of the tangent space T Q 0 at the unique fixed point Q 0 of Y by the induced tangential representation. In [26, Theorem 4.1] a description of all such threefolds is given.
In [17] the Makar-Limanov invariants ML(Y ) of such threefolds are computed. To apply this result the equation for Y ′ has to be brought into a standard form that exhibits Y ′ as a cyclic cover of A 3 . To this end let
with a square root ω of the unity and
Then x ′ = x ′′ y and we see that B ′′ = C[x ′′ , y, t ′ ] is a polynomial ring in three variables and
Hence it follows that B ′ = C[x ′′ , y, z ′ , t ′ ] with a defining equation
It now follows from [17, Theorem 8.4] 
In order to show that a fixed point exists under a G m -action on a Qhomology threefold Y , we used the Smith theory and its variant. The following result without using the Smith theory is of some interest. In Section 2, we observed a G m -action on a Q-homology threefold Y such that the quotient morphism q : Y → X has relative dimension one. The following result deals with the case of q having relative dimension two.
Proposition 4.8. Let Y be a Q-homology threefold with a G m -action. Suppose that the quotient morphism has equi-dimension two. Let q : Y → C be the quotient morphism, where C is a smooth affine curve. Then each fiber is isomorphic to A 2 , and C is isomorphic to A 1 . Hence Y is isomorphic to A 3 .
Proof. Let F be a fiber of q. Since dim F = 2, there is a unique fixed point Q such that the closure of every orbit passes through Q. The locus Γ of points Q is the fixed point locus Y Gm and q| Γ : Γ → C is a bijection. Hence it is an isomorphism. Since Y is smooth and the local intersection multiplicity i(F, Γ; Q) = 1, it follows that F is smooth near Q. Hence F itself is smooth. Then it is easy to show that F is isomorphic to A 2 with an elliptic G m -action. By a theorem of Sathaye [45] , q : Y → C is an A 2 -bundle over C. Since Y is then contractable to C, the curve C is Q-acyclic. Hence C ∼ = A 1 and q is necessarily trivial. ✷ Question 4.9. Let Y be a Q-homology n-fold with a G m -action. Suppose that the quotient morphism has equi-dimension n − 1. Is Y isomorphic to the affine space A n ?
In fact, one can show that each fiber of the quotient morphism q : Y → C is isomorphic to A n−1 with the induced elliptic G m -action. If q is locally trivial in the Zariski topology, C is Q-acyclic. Hence C ∼ = A The following result deals with more general cases of the quotient morphism having equi-dimension one.
Lemma 4.11. Let Y be a smooth affine threefold with a G m -action. Suppose that the quotient morphism q : Y → X has equi-dimension one. Then the following assertions hold. Gm lies horizontally to the fibration q. Hence each fiber contains a unique fixed point. This implies that each fiber is isomorphic to A 1 . Considering the tangent space T Y,Q and the induced tangential representation for each Q ∈ Y Gm , we know that Y Gm is smooth and isomorphic to X. Namely, q is an A 1 -fibration with all reduced fibers isomorphic to A 1 and has two cross-sections Y Gm and a section at infinity. Hence q is in fact a line bundle.
(2) The morphism q is then an A 1 * -fibration and Y Gm is a smooth curve. Let Y Gm = Γ 1 ⊔ · · · ⊔ Γ r be the decomposition into connected components. Let Γ i be the smooth completion of Γ i . Let g i be the genus of Γ i and let n i be the number of points in Γ i \ Γ i . Note that G m acts on q −1 (X − q(Y Gm )) without fixed points. Hence, by Lemma 4.6, the Euler number of q −1 (X − q(Y Gm )) is zero. Note that q −1 (q(Γ i )), taken with reduced structure, is a union of two A 1 -bundles over q(Γ i ) meeting transversally along the section Γ i . In fact, since the fiber q −1 (P ) over a point P ∈ q(Γ i ) is a cross with each branch meeting Γ i transversally in one point, q −1 (q(Γ i )) consists of two irreducible components W
(1) i and W (2) i , each of which has an A 1 -fibration with a cross-section Γ i . Hence W 
